The physics of a tunnel junction illuminated by a purely classical microwave field has been understood since the 1960s with the classic work of Tien and Gordon[@b1]. This situation is equivalent to simply having an ac bias voltage across the conductor, and the resulting modification of the current is known as photon-assisted tunnelling; it has been measured in countless experiments (for example, refs [@b2], [@b3], [@b4]). Despite the word 'photon' in the effect's name, in this standard formulation there is nothing quantum in the treatment of the applied microwave field.

To study a more truly quantum version of photon-assisted tunnelling, one could consider driving a tunnel junction with a quantum microwave field produced in a cavity. The cavity effectively acts as an ac voltage bias across the conductor; by maintaining the cavity in a nonclassical state, the junction is exposed to a nontrivial microwave field. Our goal will be to understand how such nonclassical microwaves affect electronic transport. Such cavity-plus-conductor set-ups have been realized experimentally, both in experiments using metallic tunnel junctions[@b5][@b6][@b7], as well as more recent experiments with high-*Q* microwave cavities coupled to either quantum dots[@b8][@b9] or carbon nanotubes[@b10]. Note that the converse problem of how an electronic conductor can be used to produce nonclassical squeezed microwaves was recently studied experimentally[@b11]. Motivated by experiments with superconducting circuits, theoretical work has also studied transport in undriven dot-plus-cavity set-ups[@b12][@b13][@b14][@b15].

If the cavity is not driven (that is, not coherently populated with photons), the cavity-plus-conductor set-up realizes another well-studied quantum transport problem: dynamical Coulomb blockade (DCB)[@b16][@b17][@b18][@b19]. Here the cavity acts as a structured electromagnetic environment for the junction, one that can absorb (and at non-zero temperature, emit) energy from tunnelling electrons. The standard theory of this effect[@b18][@b19][@b20] is based on the function *P*(*E*), which gives the probability of the environment absorbing an energy *E* from a tunnelling electron. DCB has been experimentally probed both for nonresonant environments[@b21][@b22][@b23][@b24][@b25] as well as for environments formed by resonators[@b5][@b6][@b7], with excellent theoretical agreement. In stark contrast to standard DCB, our focus will be on a nonequilibrium environment produced by preparing a cavity in a nonclassical state.

In this paper, we develop a comprehensive theory describing how nonequilibrium, driven states of a microwave cavity influence electronic transport in a coupled tunnel junction, with a particular focus on cavities which are maintained in truly nonclassical states (such as a Fock state or a squeezed state). Generalizing both standard photon-assisted tunnelling theory and dynamical Coulomb blocakde theory, we show that the emission and absorption of photons by the conductor is naturally characterized by a quasi-probability distribution, which can fail to be positive. The resulting negative probabilities can have a direct influence on both the conductance and finite-frequency current noise of the tunnel junction. We also show that this new quasi-probability distribution has a direct connection to the well-known Glauber--Sudarshan *P*-function of quantum optics. We present results for parameter regimes relevant to state-of-the-art experiments, and show that for sufficiently large tunnel resistances, the tunnel junction acts as a nontrivial and nonlinear probe of the cavity state.

Results
=======

Model
-----

We consider transport through a voltage-biased tunnel junction (dc bias voltage *V*), which is coupled to the voltage antinode of a microwave cavity in such a way that the cavity voltage acts as an additional bias voltage across the junction. One possible realization is depicted in [Fig. 1](#f1){ref-type="fig"}, where a tunnel junction is coupled to a coplanar waveguide resonator (see also refs [@b26], [@b27], [@b28]). We calculate the average current to lowest nonvanishing order in the tunnelling strength. If the resonator was in thermal equilibrium, we would recover the standard DCB expression[@b20]. We generalize this approach to now allow for an environment (that is, the cavity), which is in an *arbitrary* nonequilibrium, non-stationary state. In general, the average tunnel current is time-dependent and can be written as

The two terms here represent (respectively) left-to-right and right-to-left tunnelling, and Γ(*E*) describes the energy-dependent tunnelling rate of the uncoupled junction. For the usual case of metallic leads, one has Γ(*E*)=(*e*^2^*R*~T~)^−1^*E*/(1−exp(−*E*/*k*~B~*T*~el~)), where *T*~el~ is the lead temperature and *R*~T~ is the junction resistance (see, for example, ref. [@b29]). In this standard case, the current of the uncoupled junction is purely Ohmic, *I*~0~(*V*)=*V*/*R*~T~. The functions *P*~tot~(*E*;*t*,*σ*) describe energy transfer to/from the electromagnetic environment. They are given by a causal environment correlation function, evaluated in the absence of tunnelling (see [Supplementary Note 1](#S1){ref-type="supplementary-material"} for a full derivation):

Here is the phase operator, defined in terms of the (Heisenberg picture) environment voltage operator . As shown in [Supplementary Note 1](#S1){ref-type="supplementary-material"}, [equations (1)--(3)](#eq1){ref-type="disp-formula"}, [](#eq2){ref-type="disp-formula"}, [](#eq3){ref-type="disp-formula"} reduce to standard DCB expressions in the usual case of a thermal environment; [equation (3)](#eq3){ref-type="disp-formula"} yields a *P*~tot~(*E*) function, which is positive definite and only depends on *E*.

In our system, we treat the environment as a single resonant mode of a cavity, which can be represented as a quantum *LC* circuit with frequency Ω=1/(*LC*)^1/2^. is thus given by one quadrature of the cavity mode annihilation operator (ref. [@b30]),

with *ρ*=*πZ*~cav~/*R*~K~ parameterizing the strength of zero-point voltage fluctuations in the cavity (, *R*~K~=*h*/*e*^2^ the resistance quantum). As we will see, the most interesting regime in our system is when . Using only geometric inductances, *Z*~cav~ is limited by the vacuum impedance[@b31], implying . However, much larger impedances are possible using Josephson junction arrays. Recent experiments have achieved high-*Q* microwave cavities that have large inductances (\~100 nH), implying *ρ*\~1 (ref. [@b32]). The recent work of ref. [@b33] even studied transport in a tunnel junction coupled to a high-impedance resonator, achieving *ρ*\~0.3. The rapid progress here suggests that even larger values of *ρ* should be possible in the near term.

Our focus will be on situations where the cavity is maintained in some interesting nonvacuum state, either by continuous driving, or via reservoir-engineering techniques[@b34], which have been used in several recent circuit QED experiments[@b35][@b36]. In either case, this involves coupling the cavity to an external dissipative channel; this gives the cavity a finite damping rate *κ*. Our main goal in what follows is to understand how transport through the tunnel junction can be used as a probe of the (possibly nonclassical) cavity state. We thus ideally would like the backaction disturbance of the cavity state by the conductor to be minimal. For clarity, we will thus focus our discussion on regimes where this is the case. Formally, the backaction-induced modification of the cavity state does not contribute to the junction current to leading order in the tunnelling; neglecting it is thus consistent with our perturbative treatment. In the Methods section, we consider the impact of non-zero backaction and show that it can be neglected if the tunnel resistance of the junction *R*~T~ is sufficiently large. As discussed in the Methods section, for and *κ*\~10^−2^Ω, one needs . Such values can be obtained by using a sufficiently small and opaque metallic tunnel junction or by using a single channel quantum point contact in the tunnel regime (see for example, ref. [@b25]). We stress that, while our approach treats the electron tunnelling perturbatively, the coupling between the cavity and conductor (parameterized by *ρ*) is not assumed to be small.

Finally, for the conductor to accurately probe the cavity state at the single photon level, one ideally also wants the electronic temperature *T*~el~ to satisfy . As typical experiments involve GHz-frequency resonators and mK temperatures, this condition is well satisfied, implying that the role of thermal fluctuations (both in the cavity and in the electronic reservoirs) will be minimal. For clarity, we will thus focus on the zero-temperature limit in what follows; the small effect of non-zero temperature is discussed in the Methods section.

Closed cavity
-------------

The simplest situation to consider is where the coupling *κ* to the dissipative channel used to maintain the cavity state is strong enough to maintain the cavity in the desired state irrespective of the junction current, but still weak enough that it does not appreciably modify the cavity dynamics. We start by analysing this situation, meaning that we can neglect the effects of *κ* in calculating *P*~tot~(*E*;*t*,*σ*); non-zero *κ* will be addressed in the next section.

In general, one finds that *P*~tot~(*E*;*t*,*σ*) and hence the average current oscillates as a function of *t*. We will focus on the dc current, and thus average over *t*. The resulting *P*~tot~(*E*) function is then only a function of *E*. In the *κ*→0 limit, the energy of a cavity photon is precisely *ℏ*Ω, and hence *P*~tot~(*E*) has the form

For a simple Ohmic tunnel junction, the differential dc conductance d*I*/d*V* will then exhibit a series of steps as a function of dc voltage *V*, as different photon-assisted processes become energetically allowed. As discussed in the Methods section, by measuring d*I*/d*V* and the (symmetrized) finite-frequency junction current noise , one can directly extract the weights *p*~tot~\[*k*\].

Without dissipation, the cavity evolves freely, and we can calculate *P*~tot~(*E*) for an arbitrary cavity state . It can be written as the convolution of two normalized distributions,

*P*~0~(*E*) describes the absorption of energy by a ground-state cavity and only has weight for *E*≥0. In contrast, *P*~occ~(*E*) is a quasi-probability distribution that describes the additional emission and absorption processes possible when the cavity is occupied with photons. If the cavity was in its ground state, we would simply have *P*~occ~(*E*)=*δ*(*E*) and *P*~tot~(*E*)=*P*~0~(*E*). *P*~0~(*E*) is a Poisson distribution with mean *ρ* (refs [@b18], [@b20]):

The function *P*~occ~(*E*) that we introduce captures the novel physics we are after. For an arbitrary cavity state , it is directly related to the Glauber--Sudarshan *P*-function , which represents via a quasi-probability distribution in phase space. Recall that is defined via[@b37]

where \|*α*› denotes a cavity coherent state with complex amplitude *α*. expresses as an incoherent mixture of coherent states.

For *κ*→0, we find that *P*~occ~(*E*) also reduces to a discrete distribution,

with weights directly determined by the Glauber--Sudarshan *P*-function:

Here *J*~*k*~ is a Bessel function.

If *P*~occ~(*E*) is positive definite, [equation (6)](#eq18){ref-type="disp-formula"} implies that we can interpret the energy *E* absorbed by the cavity in a tunnel event as the sum of two independent stochastic quantities: an amount associated with vacuum fluctuations (as described by *P*~0~) and an amount associated with the population of the cavity (as described by *P*~occ~). While *P*~tot~(*E*) must always be positive definite (see [Supplementary Note 1](#S1){ref-type="supplementary-material"}), this is not necessarily true of *P*~occ~(*E*): it can become negative for nonclassical cavity states, that is, states whose phase-space distribution either fails to be positive definite or is highly singular[@b37]. Negativity in *P*~occ~(*E*) will thus be a direct sign of nonclassical light.

For further intuition into [equation (10)](#eq28){ref-type="disp-formula"}, consider the simple case where the cavity is in a coherent state with amplitude . In this case , and

*p*~occ~\[*k*\] is precisely the weight for an *k*-photon process in the standard Tien--Gordon theory for a purely classical ac voltage *V*~ac~(*t*)∝\|*α*~0~\| (ref. [@b1]). Thus, [equation (10)](#eq28){ref-type="disp-formula"} demonstrates that for a general state, *p*~occ~\[*k*\] is a sum of Tien--Gordon distributions for different amplitudes, with each term weighted by the Glauber--Sudarshan P-function .

Returning to the coherent state case, we see from [equation (6)](#eq18){ref-type="disp-formula"} that the full distribution *P*~tot~(*E*) involves convolving the Tien--Gordon distribution with the zero-temperature absorption processes of the cavity. This thus generalizes Tien--Gordon theory to include the contribution of cavity vacuum noise. Note that a purely classical ac voltage does not modify the dc *I*--*V* characteristic of a conventional tunnel junction because of the lack of any rectification (that is, such a junction has a purely linear *I*--*V* characteristic). This is however no longer true when we include zero-point fluctuations of the field: now, the dc *I*--*V* characteristic of the junction is indeed modified by the presence of the ac voltage. This behaviour is demonstrated in [Fig. 4](#f4){ref-type="fig"}.

Fock state
----------

Consider now the case where the cavity is stabilized in a Fock state \|*n*›; this has been achieved recently via reservoir-engineering protocols in circuit QED[@b38]. For the simple case *n*=1, one finds *p*~occ~\[*k*\]=0 unless *m*=0, ±1, in which case:

*P*~occ~(*E*) for this state describes the possibility to emit or absorb 0 or 1 photons because of the non-zero cavity population. The quasi-probability for the 0-photon process becomes negative for *ρ*\>1/2. Similar negativity is found for other Fock states (see [Supplementary Note 2](#S1){ref-type="supplementary-material"} and [Fig. 2](#f3){ref-type="fig"}); the larger the value of *n*, the smaller the value of *ρ* needed to see negativity. As discussed, this negativity is a direct consequence of the nonclassical nature of the cavity state.

The negativity in *P*~occ~(*E*) leads to a distinct signature in the differential dc conductance of the junction (see [Fig. 3](#f3){ref-type="fig"}). The conductance exhibits regular plateaus as a function of dc voltage. However, unlike the case of a cavity thermal state, the plateau heights associated with a cavity Fock state do not increase monotonically with voltage. These surprising decreases in conductance plateau height are inconsistent with *P*~occ~(*E*) being positive definite. As shown in the Methods section, if *P*~occ~(*E*) were positive, there is a bound on how small the second plateau in d*I*/d*V* can be compared with the first and third plateaus. This bound is generically violated by the d*I*/d*V* obtained with a Fock state in the cavity (for example, that shown in [Fig. 3](#f3){ref-type="fig"}). Thus, the differential conductance of the junction provides a direct probe of the nonclassical nature of the cavity state.

Further evidence of the negativity in the Fock state *p*~occ~\[*k*\] can be seen in the corresponding total emission/absorption probability *p*~tot~\[*k*\] (which includes the contribution from vacuum noise). For a cavity maintained in an *n*-photon Fock state, we find (see [Supplementary Note 2](#S1){ref-type="supplementary-material"}):

Here denotes a generalized Laguerre polynomial. As expected, if the cavity is maintained in an *n*-photon Fock state, then in a single tunnel event at most *n* photons can be absorbed. However, for an appropriately chosen *ρ*, *p*~tot,n~\[−*k*\] can be zero for *k*\<*n*, while at the same time *p*~tot~\[−(*k*+1)\] is non-zero. Such a cancellation would be impossible if *p*~occ~\[*k*\] were positive definite: if the probability to absorb *k*+1 photons from the junction is non-zero, then the probability to absorb *k* photons must also be non-zero. This is a simple consequence of *p*~tot~\[*k*\] being the convolution of *p*~occ~\[*k*\] with a Poisson distribution, *p*~0~\[*k*\].

As discussed in the Methods section, one can directly measure *p*~tot~\[*k*\] if one measures both the dc conductance of the junction and its finite-frequency current noise. Using such a measurement to detect the vanishing of *p*~tot,n~\[−*k*\] for *k*≤*n* would thus also provide direct evidence for the nonclassical nature of the cavity state. If one knows *p*~tot~\[*k*\], one can also undo the convolution in [equation (6)](#eq18){ref-type="disp-formula"} and extract the (possibly negative) quasi-probability distribution *p*~occ~\[*k*\]. Writing things explicitly, we have:

Cavity driving and dissipation
------------------------------

We now consider the case where the cavity is maintained in an interesting state via continuous driving through an input port, including the non-zero cavity dissipation associated with this port. Our approach extends easily to such situations if the driving field is Gaussian; this includes the interesting case of a squeezed vacuum state input. Letting *κ* denote the damping rate because of the coupling to the transmission line used to drive the cavity, one can use standard input--output theory[@b30] to derive a Heisenberg--Langevin equation for the cavity field (see Methods). For Gaussian states, this equation can be solved to obtain the phase--phase correlator and hence *P*~tot~(*E*).

We find that even for a driven, dissipative cavity, *P*~tot~(*E*) can still be written in the general form of [equation (6)](#eq18){ref-type="disp-formula"}. The distribution *P*~0~(*E*) describes photon absorption by the cavity when it is driven solely by vacuum noise:

In comparison with [equation (7)](#eq19){ref-type="disp-formula"}, the effects of dissipation are to simply broaden the peaks associated with absorbing *n*≥1 photons. The distribution *P*~occ~(*E*) again describes additional absorption/emission processes possible when the cavity drive populates the cavity.

For the coherent state case, we take the cavity to be driven at a frequency *ω*~dr~; in this case the average cavity amplitude is . We find that *P*~occ~(*E*) is again given by the closed-cavity expression [equations (9)--(11)](#eq27){ref-type="disp-formula"}, [](#eq28){ref-type="disp-formula"}, [](#eq32){ref-type="disp-formula"}, except that one replaces the cavity frequency Ω with the drive frequency *ω*~dr~. In contrast to the vacuum absorption peaks, these processes are not lifetime broadened and correspond to a photon frequency set by the drive frequency *ω*~dr~, and not the cavity resonance frequency Ω. Both these features lead to interesting signatures in the differential conductance; in particular, one sees steps in the conductance corresponding to both relevant photon frequencies (the drive frequency and the cavity resonance frequency). This behaviour is demonstrated in [Fig. 4](#f4){ref-type="fig"}.

Squeezed state
--------------

Consider next a cavity that is maintained in a squeezed state, where the variance of one quadrature is reduced below the zero-point value by a factor *e*^−2*r*^ (*r*\>0). While such a state is Gaussian, it yields a highly singular Glauber--Sudarshan *P*-function and is thus considered to be nonclassical[@b37]. A squeezed state could be maintained in a superconducting cavity using reservoir-engineering techniques[@b39]. Alternatively, one could simply drive the cavity with squeezed vacuum noise (as produced by a parametric amplifier); this kind of intracavity squeezing has been recently realized in experiment[@b40]. We focus on this situation in what follows.

Analytic expressions can be obtained for *P*~occ~(*E*) in the case of a cavity driven by squeezed microwaves, see [Supplementary equation (28)](#S1){ref-type="supplementary-material"}. One finds that *P*~occ~(*E*) for can become negative when . As discussed in the caption of [Fig. 5](#f5){ref-type="fig"}, this leads to a striking suppression of the peak in *P*~tot~(*E*) near *E*=−*ℏ*Ω, which describes the possibility to absorb a single photon. The weight of this process is suppressed more than would ever be possible if *P*~occ~(*E*) were positive definite. Thus, by measuring *P*~tot~(*E*), for a squeezed state, one could directly infer the negativity of *P*~occ~(*E*).

As shown in [Fig. 5](#f5){ref-type="fig"}, this negativity-induced suppression of *P*~tot~(*E*) yields a direct signature in the conductance: the height of the fourth conductance plateau is higher than would be possible with any positive definite *P*~occ~(*E*). In this figure, we also show results including finite cavity dissipation; for small levels of dissipation () the results are unchanged. *P*~tot~(*E*) could also be extracted directly if one measures both the differential conductance of the junction and the finite-frequency junction current noise (see Methods). Note that the finite-frequency current noise measurements for quantum point contacts having *R*~T~\>\>*R*~K~ (as we require here) have been performed previously[@b41].

Conclusion
----------

We have studied the interplay of nonclassical light with electron transport through a tunnel junction, showing that this basic light--matter interaction is naturally characterized by negative quasi-probabilities for truly quantum states. This negativity leads to direct signatures in the differential conductance of the conductor, signatures that should be accessible in state-of-the-art experiments. Our results can directly be generalized to describe biased Josephson junctions interacting with quantum light; such systems allow even larger values of *ρ* (ref. [@b20]). They also suggest the general potential of using quantum conductors as a powerful tool to characterize, and perhaps control, quantum microwave states in hybrid systems incorporating superconducting microwave cavities and semiconductor electronic devices.

Methods
=======

Quasi-probability distributions for a closed cavity
---------------------------------------------------

Using the definition of the Glauber--Sudarshan *P*-function in [equation (8)](#eq24){ref-type="disp-formula"} and the fact that for a closed cavity, one can explicitly calculate the RHS of [equation (3)](#eq3){ref-type="disp-formula"}. Averaging over the observation time *t* then yields [equation (10)](#eq28){ref-type="disp-formula"}.

Alternatively, one can express *P*~occ~(*E*) as (*ℏ*=1)

where we have shifted the time argument in [equation (2)](#eq2){ref-type="disp-formula"} by *t*→*t*−*τ*/2 for clarity, and where the characteristic function *χ*\[*λ*\] is defined as

It follows that *P*~occ~(*E*)=*P*~occ~(−*E*), regardless of the cavity state (that is, there is a perfect symmetry between absorption and emission processes, as one might expect for purely classical noise[@b30]). *P*~occ~(*E*) is determined by the normal-ordered expectations of the cavity state; the larger the value of *ρ*, the more sensitive one is to higher moments.

Connecting transport to probabilities
-------------------------------------

For low electron temperatures , the differential conductance of the junction will exhibit sharp steps as a function of *V*, with transitions at *eV*=*mℏ*Ω; these steps correspond to turning on and off photon-assisted processes. We define the normalized height of the *m*th step as

The height of these plateaus is directly linked to *P*~tot~(*E*). Consider the simplest case where *T*~el~→0 and *κ*→0 (so that the energy of a cavity photon is precisely *ℏ*Ω). By combining [equations (1)](#eq1){ref-type="disp-formula"} and [(5)](#eq15){ref-type="disp-formula"}, the normalized first plateau height (that is, zero-bias conductance) is

while the height of subsequent plateaus is

The behaviour of d*I*/d*V* with *V* allows us to easily extract (*p*~tot~\[+*n*\]−*p*~tot~\[−*n*\]), the probability difference between an *n*-photon absorption and emission processes.

To extract the sum of these probabilities (and hence reconstruct the full distribution *p*~tot~\[*n*\]), one also needs to measure the finite-frequency current noise of the junction. We define the (symmetrized) finite-frequency current noise of the junction as

where is the junction current operator. The average over is to pick out the stationary part of the noise (with the averaging time ). This noise spectral density depends both on the drain-source voltage *V* and the cavity state. In the tunnelling regime, and for *eV*\<*ℏ*Ω, one finds that the excess noise exhibits regular peaks as a function of *ω*, occurring at *ω*=*m*Ω (ref. [@b42]). These noise peaks again correspond to the turning on and off of photon-assisted transport processes. In the low temperature, low-dissipation case, the heights of these peaks can be directly related to *p*~tot~\[*n*\] (ref. [@b42])

Thus, measuring both the steps in the differential conductance and the peaks in the frequency-dependent excess current noise allow one to directly extract the probabilities *p*~tot~\[*n*\]. As mentioned in the main text (c.f. [equation (14)](#eq37){ref-type="disp-formula"}), once one has measured *p*~tot~\[*m*\] (as described above), one can explicitly extract the values of quasi-probabilities *p*~occ~\[*m*\].

Detecting negative quasi-probability
------------------------------------

The distribution *p*~tot~\[*k*\] governing photon absorption/emission events is a convolution of *p*~0~\[*k*\] (absorption because of vacuum noise) and *p*~occ~\[*k*\] (absorption and emission because of the presence of photons in the cavity). *p*~0~\[*k*\] is a Poisson distribution and is completely determined by the cavity frequency and dimensionless impedance *ρ*; *ρ* could be extracted by, for example, measuring d*I*/d*V* for a ground-state cavity. This then gives a route for detecting the negative values of *p*~occ~\[*k*\] associated with quantum states. By using the known behaviour of *p*~0~\[*k*\], one can derive general bounds on the differential conductance and excess noise that must be satisfied *for any* positive definite *p*~occ~\[*k*\]. A violation of such a bound provides direct evidence of negativity in *p*~occ~\[*k*\], and hence of the nonclassical nature of the cavity state.

For example, for values of , one can derive a minimum possible value for *h*~2~ consistent with a positive *P*~occ~(*E*) (see [Supplementary Note 3](#S1){ref-type="supplementary-material"}):

Heuristically, this bound tells us that for positive weights *p*~occ~\[*k*\], the second conductance step cannot be arbitrarily lower than the average height of the first and third steps. As shown in [Fig. 3](#f3){ref-type="fig"}, this inequality is violated if one prepares a *ρ*=0.5 cavity in a *n*=2 Fock state. Thus, the differential conductance of the junction gives a direct signature of nonclassical behaviour.

In a similar manner, one can derive bounds on the behaviour of *p*~tot~\[*k*\] that are true for any positive definite *p*~occ~\[*k*\]; such bounds are in general even more easily violated by the presence of negativity in *p*~occ~\[*k*\]. For example, for *ρ*\<2, one finds that any positive definite *p*~occ~\[*k*\] must yield (see [Supplementary Note 3](#S1){ref-type="supplementary-material"}):

For *n*=1, this bound is violated for a cavity with *ρ*=1.4 prepared in a *r*=1 squeezed vacuum state (see [Fig. 5a](#f5){ref-type="fig"}). This violation can be detected experimentally, as *p*~tot~\[−1\] can be extracted from the behaviour of d*I*/d*V* and Δ*S*~*I*~\[*ω*,*V*\], c.f. [equations (20)](#eq51){ref-type="disp-formula"} and [(22)](#eq57){ref-type="disp-formula"}.

Heisenberg--Langevin equation
-----------------------------

A damped, driven cavity can be described using standard input--output theory[@b30], with the cavity equation of motion

Here describes the input field on the cavity: it has an average part *α*~in~(*t*) that describes the classical amplitude of the drive, and a noise part that describes both thermal and quantum noise incident on the cavity. As with standard input--output theory treatments, this noise is taken to be operator-valued Gaussian white noise. For a coherent state drive, describes vacuum noise, and the average cavity amplitude is . Squeezed input noise can be simply included in the formalism; it corresponds to anomalous correlators being non-zero.

As the input noise is Gaussian and the cavity has no nonlinearities, the cavity will also be in a Gaussian state. As a result, the phase--phase correlator in [equation (3)](#eq3){ref-type="disp-formula"} is completely determined by two-point correlation functions and is thus easily found from the solution of [equation (25)](#eq61){ref-type="disp-formula"}.

Effects of finite temperature
-----------------------------

Our discussion in the main text focused on the case where the electronic leads of the tunnel junction are at zero temperature. We stress that [equations (1)](#eq1){ref-type="disp-formula"} and [(6)](#eq18){ref-type="disp-formula"} remain valid even if the electronic temperature is non-zero. Qualitatively speaking, the effect of finite temperature on the lead electrons is to smear the sharp Fermi step in their energy distribution function; the steps now have a finite slope proportional to (*k*~B~*T*)^−1^. This smearing of the Fermi step directly leads to a broadening of the sharp steps seen in the differential conductance versus dc voltage *V* (see, for example, [Fig. 6](#f6){ref-type="fig"}). It thus follows that to resolve clear plateaus in the differential conductance, one requires . This condition is also consistent with our desire to have the cavity prepared in an interesting quantum state, which requires that the number of thermal quanta in the resonator be extremely small.

For concreteness, we consider the realistic case of a microwave cavity with frequency Ω/2*π* in the range 5--10 GHz and an environment temperature in the range 15--30 mK. For these parameters, *βℏ*Ωε\[15,30\], implying that the thermal number of quanta in the cavity is exponentially suppressed. The main influence of temperature will thus be through the electrons and the smearing of the lead Fermi functions, which manifests itself in the temperature dependence of the tunnelling rates Γ(*E*). The net result is that the height of the various plateaus in the differential conductance are not affected by temperature; however, the transitions between them are rounded off. This behaviour is shown explicitly in [Fig. 6](#f6){ref-type="fig"}.

It is also interesting to consider the effect of having a thermal population of photons in the cavity. The simplest situation is where a cavity is driven by thermal noise via an input port; in this case *P*~occ~(*E*) reduces to the convolution of two Poisson distribution, one for absorption and the other one for emission (see [equation (15)](#eq38){ref-type="disp-formula"}). Setting *ℏ*=1, we have

In the limit *κ*→0, this reduces to the well-known DCB expression for a resonator in thermal equilibrium[@b20].

Another interesting case is where the damped cavity is driven both by a coherent tone and by thermal noise. In this case the cavity will be in a displaced thermal state, and *P*~occ~\[*E*\] reduces to the convolution of the thermal distribution given above with the Tien--Gordon distribution (see [equation (11)](#eq32){ref-type="disp-formula"}). Again, setting *ℏ*=1, we find

Finally, consider the case of a squeezed state. In the main text, we consider the ideal case where the cavity is driven by a pure squeezed input field. This calculation is easily generalized to the case where the input field describes a squeezed thermal state with thermal population . For the small levels of squeezing considered here (that is, *r*=1 in [Fig. 5](#f5){ref-type="fig"}), even thermal populations have a negligible influence. This behaviour is shown in [Fig. 6](#f6){ref-type="fig"}.

Transport-induced cavity dissipation
------------------------------------

The discussion in the main text focused on regimes where the conductor makes a minimal backaction disturbance to the state of the cavity; as discussed, such backaction effects formally play no role in determining the junction current to lowest order in the tunnelling amplitude. A full treatment of backaction effects (that is, working beyond the tunnelling approximation while still allowing for ) is beyond the scope of this article and will be the focus of future work. Nonetheless, one can use our approach to estimate the size of such backaction effects in the weak-tunnelling regime; we do this here. The results we obtain are consistent with previous studies of related backaction effects in nanoelectromechanical systems where a tunnel junction is *weakly* coupled to a mechanical resonator[@b43][@b44][@b45]; such weak-coupling theory would rigorously only apply to in our system.

In general, the tunnel junction will act as an additional dissipative reservoir coupled to the cavity; for weak coupling and a high-*Q* cavity, it is equivalent to a Gaussian bath held at some effective temperature (see, for example, refs [@b43], [@b44]). One effect will thus be an increase in the cavity dissipation rate from *κ* to *κ*+*κ*′. If we simply modelled the tunnel junction as an Ohmic resistance (modelled as an infinite oscillator bath, as per the Caldeira--Leggett approach[@b46]), we would find *κ*′=1/*R*~T~*C*. The approaches of refs [@b43], [@b44] yield an identical expression. This dissipation can be expressed as *κ*′=*ρ*Ω*R*~K~/*R*~T~*π*. We thus see that *κ*′ is negligible compared with *κ* as long as *πR*~T~/*ρR*~K~ is larger than the quality factor of the cavity.

One must also consider the heating of the cavity because of the tunnel junction, that is, what is the effect of the fluctuations associated with the dissipation rate *κ*′? To estimate this heating, consider first an undamped cavity and suppose we have calculated *p*~tot~\[*k*\] for some given cavity state. We now want to understand how photon-assisted transitions involving the junction lead to heating (or cooling) of the cavity. Using a Golden rule approach, the rate of change of the average cavity photon number because of such transitions will be given by:

where denotes the power emitted by the junction to the cavity (in units of cavity quanta per unit time). Consider the case *T*~el~→0 and *eV*\<*ℏ*Ω. In this case, one finds easily:

We see that in this low-voltage regime, there is a net power transfer from the cavity to the conductor; its value involves a weighted sum over all processes where a photon is absorbed from the cavity. This is consistent with the results of refs [@b43], [@b44], which show that for weak couplings and for low voltages, the resonator sees the conductor as an effective thermal reservoir with an effective temperature much less than *ℏ*Ω/*k*~B~. For , the sum in [equation (29)](#eq77){ref-type="disp-formula"} necessarily scales as *ρ* (as such processes are impossible without having a coupling between the cavity and conductor). In contrast, for the regime of interest here , and the value of the summation could be of order 1 depending on the cavity state. The scale for is thus set by the rate ; as expected, the weaker the tunnelling (that is, the larger the tunnel resistance *R*~T~), the smaller this rate becomes.

One can, in an analogous manner, calculate for larger junction voltages satisfying *eV*\>*ℏ*Ω. We are interested in values of and in voltages that are at most only a few times larger than *ℏ*Ω. In this regime (and for the kinds of cavity states considered in the main text), one again finds that the scale of is set by . This is shown explicitly in the Methods and in [Supplementary Fig. 1](#S1){ref-type="supplementary-material"} and where we explicitly calculate for a variety of states (see [Supplementary Figs 1 and 2](#S1){ref-type="supplementary-material"}).

Having understood the power flow into and out of the cavity, we can now calculate the resulting change in the average cavity photon number, Δ*n*~cav~, using a simple rate equation. We find that

where we have assumed that the intrinsic cavity dissipation *κ* dominates any additional damping *κ*′ because of the coupling to the junction. Insisting that Δ*n*~cav~ is smaller than a single quantum thus results in the condition:

Thus, if we use a cavity with *κ*=10^−2^Ω, the above estimate tells us that the junction resistance needs to be much larger than \~10^2^*R*~K~.
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![Proposed set-up.\
Schematic showing a resonant mode of a half-wavelength coplanar waveguide resonator, with a quantum conductor (tunnel junction or quantum point contact (QPC)) that contacts the centre strip and lower ground plane at a voltage antinode. A dc voltage is also applied to the junction via the centre strip at a voltage node, so as not to induce losses (see, for example, refs [@b26], [@b27], [@b28]). The state of the resonant mode provides a quantum ac voltage across the junction; we are interested in how this influences the dc junction current *I* and what this current reveals about the quantum voltage.](ncomms6562-f1){#f1}

![Quasi-probabilities for two-photon Fock state.\
(**a**) Probability distributions describing photon emission and absorption by a cavity initially prepared in the *n*=2 Fock state, in the absence of cavity damping, and for a dimensionless cavity impedance *ρ*≡*πZ*~cav~/*R*~K~=0.5. The quasi-probabilities *p*~occ~\[*k*\] characterize the additional photon emission/absorption processes possible because of populating the cavity with photons, whereas the probabilities *p*~tot~\[*k*\] also include the absorption events associated with vacuum noise. While *p*~tot~\[*k*\] must always be positive definite, *p*~occ~\[*k*\] can fail to be positive for nonclassical cavity states. Here we see that the weight *p*~occ~\[*k*=0\]≤0. (**b**) Behaviour of the quasi-probabilities *p*~occ~\[*k*\] for a closed cavity in the *n*=2 Fock state, as a function of *ρ* (which characterizes the strength of cavity zero-point voltage fluctuations seen by the conductor). Negativity requires sufficiently large *ρ*, although the minimum required *ρ* decreases with increasing *n*.](ncomms6562-f2){#f2}

![Differential conductance for classical states versus Fock states.\
(**a**) Differential conductance d*I*/d*V* versus dc bias voltage *V* for a tunnel junction coupled to a cavity having dimensionless impedance *ρ*=0.5. We assume that the cavity is initially prepared in some specific state and neglect cavity dissipation for simplicity; we also take the limit of a negligible electron temperature, . The dashed curve is for a ground-state cavity, the solid blue curve for a thermal state with an average photon number , and the red curve for a coherent state with average photon number \|*α*\|^2^=2. For a thermal cavity state, the conductance plateaus are always monotonically increasing in height with *V*. (**b**) Same as **a**, but now the solid curve corresponds to a cavity prepared in the Fock state \|*n*=2›. The striking signature of a nonclassical state here is the strongly non-monotonic dependence of the first few conductance plateaus on voltage; in particular, the height of the second plateau (*h*~2~) is smaller than the first (*h*~1~). This is in sharp contrast to the classical states shown in **a**, states which all have an identical average cavity photon number. As discussed in [Supplementary Note 3](#S1){ref-type="supplementary-material"}, if one assumes that the distribution *P*~occ~(*E*) describing the cavity is positive definite, then one can rigorously bound how small *h*~2~ can be relative to the average height of the first and third plateaus. This bound is shown as the green horizontal line in the figure. The conductance clearly violates this bound, and thus provides direct (and experimentally accessible) evidence for the negativity in *P*~occ~(*E*). Similar violations are possible with other choices of Fock state; higher *n* Fock states allow violations at even smaller values of *ρ* (see [Supplementary Note 2](#S1){ref-type="supplementary-material"}).](ncomms6562-f3){#f3}

![Results for a damped cavity driven with coherent state driving.\
(**a**) Differential conductance d*I*/d*V* versus dc bias voltage *V* for a tunnel junction coupled to a cavity that is continuously driven into a coherent state having amplitude \|*α*\|=1. We have taken a drive frequency that is detuned from resonance: *ω*~dr~=0.75Ω. Results for zero dissipation (*κ*→0) and finite dissipation *κ*=0.01Ω are shown; all curves correspond to zero cavity and electron temperature (see Methods for finite temperature effects). The steps in the conductance now occur at multiples of both the cavity and the drive frequency. Note that standard photon-assisted tunnelling theory (Tien--Gordon theory[@b1]) predicts that d*I*/d*V*=1/*R*~T~ independent of *V* and the ac voltage. Classically, this is because of the linear *I*--*V* characteristic of a tunnel junction and consequent lack of any rectification. The behaviour shown here is starkly different because of the inclusion of zero-point fluctuations. (**b**) Integrated probability function *P*~tot~(*E*) for the same situation as **a**. One again sees steps at multiples of the the cavity resonance frequency and at multiples of the drive frequency. The steps associated with the drive frequency remain sharp even in the presence of cavity dissipation.](ncomms6562-f4){#f4}

![Results for cavity-squeezed states.\
(**a**) Probability distributions *p*~tot~\[*k*\] and *p*~occ~\[*k*\] associated with a dissipation-free cavity in a squeezed vacuum state, with *ρ*=1.4. We take the squeeze parameter to be *r*=1, meaning that the variance of one cavity quadrature is reduced to 1/*e*^2^\~0.14 of its ground state value ground state (see inset of **b**). *p*~occ~\[*k*\] describes the extra photon absorption and emission processes possible when the cavity is occupied with photons, whereas the distribution *p*~tot~\[*k*\] also includes the additional absorption processes associated with vacuum fluctuations. Similar to a Fock state, the squeezed-state quasi-probabilities *p*~occ~\[*k*\] can exhibit negativity, which occurs here most strongly for *k*=±1. This in turn leads to a strong suppression in the value of the distribution *p*~tot~\[*k*\] at *k*=−1. If *p*~tot~\[*k*\] were positive, then *p*~tot~\[−1\] has a minimum possible value *p*~min~\[−1\] (dashed green line); this lower bound is based on the values of *p*~tot~\[*k*\] at *k*=−2,−3. As clearly shown in the figure, the negativity in *p*~occ~\[±1\] causes a large violation of this bound. (**b**) Differential conductance for the the same set-up in **a**; we now, however, also include the effects of non-zero cavity damping *κ*. By measuring the heights of the first three conductance plateaus (*h*~1~−*h*~3~), one can bound the maximum possible value of the fourth plateau (*h*~4~) possible with any positive definite *p*~occ~\[*k*\]. This value is *h*~4,max~ and is indicated with a horizontal line. We see that the conductance violates this bound, and thus provides direct evidence for the negativity of *p*~occ~\[*k*\]. One can also directly measure the *p*~tot~\[*k*\] shown in **a** by combining the conductance measurement shown here with a measurement of the excess current noise (see Methods). All curves correspond to zero electron and cavity temperatures (see Methods for finite temperature effects).](ncomms6562-f5){#f5}

![Temperature effects.\
(**a**) Effects of the temperature on the differential conductance of a tunnel junction coupled to a ground-state closed cavity (dashed line) and to a closed cavity in a coherent state of amplitude . Parameters are as indicated in the figure, and *β*=1/*k*~B~*T*, where *T* is the temperature of both the cavity and electronic leads. The heights of the plateaus are not affected by the temperature; however, the smearing of transitions decreases their effective width. (**b**) Same as **a**, but for a cavity prepared in a squeezed state with (solid line) and without damping (dashed line). For these parameters, the smearing of transitions between conductance plateaus is more affected by the non-zero cavity damping *κ* than by temperature.](ncomms6562-f6){#f6}
